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System and Apparatus for Estimating 
States of a Physical System

Iterative fixed- or time-varying updates provide 

more accurate, consistent, and flexible estimates 

than before

Autonomous and semiautonomous physical systems, such as 

aircraft and vehicles, optimize their trajectories by estimating 

unknown variables over time through different types of Kalman 

filters. Although many are adequate for some applications, current 

filters include linearization errors and noise which impact 

performance, and improvements to current filters cannot 

accommodate gradual uncertainty growth. Sometimes it is 

necessary to estimate the noise itself. A flow chart describing the 

iterative sensing, estimating, predicting, and decision-making for a 

physical system described herein. Researchers at the Air Force 

Research Laboratory Munitions Directorate (AFRL/RW) have 

addressed these problems with a new invention, the Partial-

update Schmidt-Kalman filter (PSKF). This new method and 

apparatus estimates states of a physical system--linear or non-

linear--through an iterative process. Predicted states and actual 

sensor data are combined to estimate a new predicted state. The 

gain matrix is likewise updated based on the state update weights, 

providing a user with significantly more flexibility. Further, a user 

can more easily “tune” the filter than in existing Unscented Kalman 

filters. This new approach may be implemented in discrete or 

continuous systems using a weighted sum of initial updates and 

prior estimates, thus minimizing mean square error. This solution can 

be executed on commercially available, general-purpose 

computers and flash drives using common programming 

languages such as C and C++. Because of its accessibility, 

applications for the PSKF are robust and include robotics systems, 

image processing systems, vehicles, industrial processes, biological 

systems, and information systems. 
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SYSTEM AND APPARATUS FOR 

ESTIMATING STATES OF A PHYSICAL 

SYSTEM 

CROSS-REFERENCE TO RELATED 
APPLICATION(S) 

The present application claims the benefit of U.S. Provi- 

sional Application No. 62/653,782, filed Apr. 6, 2018, the 

contents of which are hereby incorporated by reference. 

STATEMENT OF GOVERNMENT INTEREST 

The invention described herein may be manufactured, 

used, and licensed by or for the Government of the United 

States for all governmental purposes without the payment of 

any royalty. 

BACKGROUND 

A state estimator or observer is a system that provides an 

estimate of the internal state of a system from measurements 

of the input and output of the real system. In practice, a state 

estimator may be implemented using digital signal process- 

ing. 

A state estimator may be used with a wide range of 

systems, including physical systems such as vehicles, indus- 

trial processes, biological systems, robots, etc. For example, 
when the physical system is a vehicle, such as an aircraft or 

spacecraft, the internal states may represent position, orien- 

tation, and motion of the vehicle. For a sensing system, such 
as an inertial measurement unit, the internal states may also 

include sensor gains and biases. In some applications, the 
system is subject to inputs—either natural or controlled. For 

example, the estimated states may be provided to a control 

system that seeks to control behavior of the physical system. 
Often, the physical state of the system cannot be determined 

by direct observation, in which case the internal state must 
be inferred from measurements of the inputs and outputs. 

In some cases, the internal states may be estimated from 
a time history of the measurements. However, since the 

internal states encapsulate the current state of the system, the 

internal states may be estimated recursively from previous 
internal states together with knowledge of any inputs to the 

system. An example recursive estimator is a discrete Kalman 
filter, which may be implement using digital electronics. 

When the physical system is non-linear with respect to the 
measurements or to internal state propagation, an extended 

Kalman filter (EKF), or a variant thereof, may be used. 

Due to the nature of the EKF, and other Bayesian filters, 
some states and systems are prone to linearization errors that 

impact performance. The errors cause filter overconfidence 
and potentially divergence. The Schmidt-Kalman_ filter 

(SKF) attempts to address these inconsistencies by fixing the 
estimated value of specific states (nuisance states/param- 

eters) effectively reweighting the update on those states to 

zero. For certain systems, this can generate much better 
results, as the system behaves “linearly enough” with those 

states held fixed in the estimator. The SKF incorporates the 
uncertainty in the problematic states without having to 

actively estimate their values, leading to better estimates of 
the states one does care about. However, this concept is only 

applicable to fixed states (or states with very slow uncer- 

tainty growth with respect to the life of the filter) where the 
user does not need a better estimate of the problematic states 

themselves. These restrictions are rather limiting. 
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2 
Accordingly, there is a need for an estimator for physical 

systems with slowly varying nuisance states. 

In addition, the Schmidt filter is limited to static or very 

slow states, so there is a need to provide an estimator filter 

with similar properties but which can estimate states, such as 

“parameter-like’ states, which vary faster. 

BRIEF DESCRIPTION OF THE DRAWINGS 

The accompanying drawings provide visual representa- 

tions which will be used to more fully describe various 
representative embodiments and can be used by those skilled 

in the art to better understand the representative embodi- 
ments disclosed and their inherent advantages. The drawings 

are not necessarily to scale, emphasis instead being placed 

upon illustrating the principles of the devices, systems, and 
methods described herein. In these drawings, like reference 

numerals may identify corresponding elements. 
FIG. 1 is a block diagram of a state estimation apparatus 

for a physical system. 
FIG. 2 is a block diagram of a state estimation apparatus 

for a physical system, in accordance with a representative 

embodiment. 
FIG. 3 is a further block diagram of a state estimation 

apparatus for a physical system, in accordance with a 
representative embodiment. 

FIG. 4 is a flow chart of a method of state estimation for 
a physical system, in accordance with a representative 

embodiment. 

DETAILED DESCRIPTION 

The various methods, systems, apparatuses, and devices 

described herein generally relate to state estimation for a 
physical system. 

While this invention is susceptible of being embodied in 

many different forms, there is shown in the drawings and 
will herein be described in detail specific embodiments, with 

the understanding that the present disclosure is to be con- 
sidered as an example of the principles of the invention and 

not intended to limit the invention to the specific embodi- 
ments shown and described. In the description below, like 

reference numerals may be used to describe the same, 

similar or corresponding parts in the several views of the 
drawings. 

In this document, relational terms such as first and second, 
top and bottom, and the like may be used solely to distin- 

guish one entity or action from another entity or action 
without necessarily requiring or implying any actual such 

relationship or order between such entities or actions. The 

terms “comprises,” “comprising,” “includes,” “including,” 
“has,” “having,” or any other variations thereof, are intended 

to cover a non-exclusive inclusion, such that a process, 
method, article, or apparatus that comprises a list of ele- 

ments does not include only those elements but may include 
other elements not expressly listed or inherent to such 

process, method, article, or apparatus. An element preceded 

by “comprises . . . a” does not, without more constraints, 
preclude the existence of additional identical elements in the 

process, method, article, or apparatus that comprises the 
element. 

Reference throughout this document to “one embodi- 
ment,” “certain embodiments,” “an embodiment,” “imple- 

mentation(s),” “aspect(s),” or similar terms means that a 

particular feature, structure, or characteristic described in 
connection with the embodiment is included in at least one 

embodiment of the present invention. Thus, the appearances
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of such phrases or in various places throughout this speci- 
fication are not necessarily all referring to the same embodi- 

ment. Furthermore, the particular features, structures, or 

characteristics may be combined in any suitable manner in 
one or more embodiments without limitation. 

The term “or” as used herein is to be interpreted as an 
inclusive or meaning any one or any combination. There- 

fore, “A, B or C” means “any of the following: A; B; C; A 
and B; A and C; B and C; A, B and C.” An exception to this 

definition will occur only when a combination of elements, 

functions, steps or acts are in some way inherently mutually 
exclusive. Also, grammatical conjunctions are intended to 

express any and all disjunctive and conjunctive combina- 
tions of conjoined clauses, sentences, words, and the like, 

unless otherwise stated or clear from the context. Thus, the 
term “or” should generally be understood to mean “and/or” 

and so forth. 

All documents mentioned herein are hereby incorporated 
by reference in their entirety. References to items in the 

singular should be understood to include items in the plural, 
and vice versa, unless explicitly stated otherwise or clear 

from the text. 
Recitation of ranges of values herein are not intended to 

be limiting, referring instead individually to any and all 

values falling within the range, unless otherwise indicated, 
and each separate value within such a range is incorporated 

into the specification as if it were individually recited herein. 
The words “about,” “approximately,” or the like, when 

accompanying a numerical value, are to be construed as 
indicating a deviation as would be appreciated by one of 

ordinary skill in the art to operate satisfactorily for an 

intended purpose. Ranges of values and/or numeric values 
are provided herein as examples only, and do not constitute 

a limitation on the scope of the described embodiments. The 
use of any and all examples, or exemplary language (“e.g.,” 

“such as,” or the like) provided herein, is intended merely to 

better illuminate the embodiments and does not pose a 
limitation on the scope of the embodiments. No language in 

the specification should be construed as indicating any 
unclaimed element as essential to the practice of the embodi- 

ments. 

For simplicity and clarity of illustration, reference numer- 

als may be repeated among the figures to indicate corre- 

sponding or analogous elements. Numerous details are set 
forth to provide an understanding of the embodiments 

described herein. The embodiments may be practiced with- 
out these details. In other instances, well-known methods, 

procedures, and components have not been described in 
detail to avoid obscuring the embodiments described. The 

description is not to be considered as limited to the scope of 

the embodiments described herein. 
In the following description, it is understood that terms 

such as “first,” “second,” “top,” “bottom,” “up,” “down,” 
“above,” “below,” and the like, are words of convenience 

and are not to be construed as limiting terms. Also, the terms 
apparatus and device may be used interchangeably in this 

text. 

FIG. 1 is a block diagram of a state estimation apparatus 
for a system. Time varying properties of the system, such as 

physical system 100 illustrated in block diagram form in 
FIG. 1, may be represented at any given time by a set of 

states. Physical system 100 may be, for example, a vehicle, 
industrial process, robotic system, biological system, image 

processing system, or information system. 

While the system may be a continuous time system, its 
behavior may be characterized by its behavior at discrete 

times. Mathematically, at discrete time k, the states are 

29 
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4 
represented by a state vector x,. The states at a future time 
may be determined from the state vector and knowledge of 

any inputs to the system. In particular, the state vector x, 

(120) at discrete time k can be written as 

Q) 

where the function f, depicted as block 102, is a linear or 

non-linear state transition function, u,(104) is a vector of 
inputs, x, _, is a state vector at discrete time k-1, and w, 

(106) is noise vector. The inputs u, may be naturally occur- 

ring inputs or inputs resulting directly or indirectly from 
control inputs. 

While discrete implementations of the estimator are dis- 
closed herein, it is to be recognized that, in general, the 

approach may be used with discrete or continuous systems. 
One embodiment of the estimator uses a weighted sum of 

initial updates and prior estimates obtained to minimize a 

mean square error. This approach may be used to provided 
improvements to many existing filters, such as the extended 

Kalman filter (EKF), the unscented Kalman filter (UKF) and 
the Rao-Blackwellized Particle Filter (which has a linear 

update portion within the particle filter framework) and 
variants thereof. 

Referring again to FIG. 1, block 108 denotes a delay of 

one-time step. Often, the states themselves cannot be sensed 
directly. However, other system properties that depend upon 

the states can be sensed by a sensing system denoted as 
block 110. The sensed signals, 112, at discrete time k, are 

given by 

XpA¥ tp AWe 

Zh x )tVi, (2) 

where h, shown as block 114, is a linear or non-linear 
measurement function and v, (116) is noise vector. 

Often, the sensed signals comprise electrical signals pro- 
vide by sensors or transducer. that are sampled at discrete 

times. State estimator 118 receives sensed signals 112 and 

input signals 104 and from them determines an estimate 122 
of state vector 120. The estimated state vector 122 may be 

used by control system 124 to generate (directly or indi- 
rectly) system input signals 104. These signals may be 

adjusted by control system 124 to drive state vector 120 to 
a desired vector. The state estimator 118, which may be 

implemented in a hardware processor, receives signals z, 

from a sensing system such as sensing system 110. For 
example, a robotic manipulator or spacecraft may be moved 

in a desired path by a control system. In other applications, 
there may be no control inputs or the inputs may be as a 

result of natural phenomena. 
The present disclosure relates to an improved state esti- 

mator 118. 

In the example shown in FIG. 1, state estimator 118 is 
configured as a state/measurement prediction unit 126, 

which models the physical system 100 and predicts the state 
vector, and a state update unit 128, which updates the 

predicted state vector based on new measurements 112. 
The predicted state is updated dependent upon Kalman 

gain matrix K, (130). The gain matrix is updated recursively 

in gain calculation unit 132. 
FIG. 2 is a block diagram of an improved state estimator 

200 in accordance with embodiments of the disclosure. The 
disclosed state estimator 200 is an iterative state estimator 

for the states of the physical system and provides an 
improvement to the known Kalman filter (for linear systems) 

or extended Kalman filter (for non-linear systems). For each 

iteration, the estimator is configured for predicting current 
states of the physical system from previous states of the 

physical system to provide predicted states. For each pre-
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dicted state of the predicted states, a predicted state is 

updated dependent on the difference between predicted 

measurement signals and actual sensor signals. In the Kal- 

man filter, the predicted state is updated dependent upon a 

Kalman gain matrix and measurements of the system, to 

provide estimated states. In the disclosed state estimator, 

state update unit 202 is further dependent upon state update 

weights 204. For a system with n states, the update weight- 

ing factors are designated by a state weighting vector 

(4) 

In each iteration, state update unit 202 provides an 

updated estimate 206 of the state vector. The update is 

dependent upon a gain matrix 208 provided by gain update 
unit 210. In the disclosed state estimator, the gain matrix 208 

is additionally dependent upon the state update weights 204. 

Thus, state update unit 202 and gain update unit are 
improved compared to prior state estimators. 

The state update weights may be varied for each state and 
for each update by weight assignment unit 212. The state 

update weight for each state is greater than or equal to zero 
and less than or equal to one. This approach provides an 

improvement to the known Kalman filter (KF) or extended 

Kalman filter (EKF) update step, and provides a user with 
significant flexibility in “tuning” the filter through the selec- 

tion of the state update weights. The approach also provides 
an improvement to the Schmidt-Kalman filter (SKF), in 

which some states are not updated. Herein, the disclosed 
state estimator is referred to as a partial-update Schmidt- 

Kalman filter (PSKF). 

The use of state update weights 204 can lead to estimator 
implementations that are robust, thereby expanding the 

degree of uncertainty or non-linearity the estimator can 
accommodate and leading to more accurate covariance 

values and state estimates. 

For particular, fixed, values of the state update weights, 
the disclosed improvement reduces to the extended Kalman 

filter (EKF) and the Schmidt-Kalman filter (SKF). However, 
the ability of weight assignment unit 212 to select different 

state updates weights for different states and for different 
iterations provides an estimator that is far more flexible that 

either of the known approaches. Other minimum mean 

square error (MMSE) filters may also be obtained as special 
cases. The increased flexibility enables a user to produce 

more accurate and consistent state estimates. In addition, the 
improved estimator may be used in some applications where 

the EKF and SKF are ineffective. Thus, the operation of the 
state estimator is improved. 

The PSKF allows for updates anywhere between 0% and 

100% of the nominal filter update for any state and any 
update step. The weighting can be fixed or time varying (as 

a function of system observability), where problematic 
states receive lesser updates when they system requires and 

larger updates when good information is available. The 
PSKF is a generalization which includes several the standard 

filters (EKF, SKF) as special cases. This means the PSKF is 

always able to perform as well as the state of the art for those 
filters, and in many cases the PSKF will significantly out- 

perform them. 
FIG. 3 is a further block diagram of a Kalman state 

estimation apparatus 118 for a physical system. State esti- 
mation apparatus 118 includes measurement prediction unit 

126, state update unit 128, gain calculation unit 132, and 

covariance update unit 136. In the embodiment shown in 
FIG. 3, the improved estimator is implemented as a modi- 

fication of a standard Kalman filter estimator. However, it is 
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6 
to be understood that the various operations or elements may 
be reorganized to provide mathematically equivalent imple- 

mentations. 

Measurement Prediction Unit. Measurement prediction 
unit 126 provides a new estimate 7, (310) of the measure- 

ment vector at discrete time k from a prior estimated state 
vector X,_ 1,1 (306) at discrete time k-1. Block 302 predicts 

the state vector X,,,_, (304) from measurements prior to time 
kas 

(5) 

where X,,,_, is a state vector predicted from measurements 
prior to time k. Block 306 denotes a unit delay. Block 308 

predicts the measurement vector 310 as 

Zrete-1 AR iets 

(6) 

State Update Unit. In accordance with an embodiment of 
the disclosure, an update weighting factor is introduced for 

each state in the state update unit. The update weighting 
factors are designated by a state weighting vector 

2M): 

yeDoli -- - Ynal® 7) 

Writing the predicted state vector 304 at discrete time k as 
xX =X,,_, and the final estimated state vector 206 as x**, the 
update is: 

KE 4K (E-2) 

ESTHET Rt (8) 

where 

X* (320) is an initial vector of estimated states, 
X*T=X,,, (206) is a final vector of estimated states, 
X =X, (304) is a vector of predicted states, predicted 

from a previous vector of estimated states, 
Z is a vector of sensed values dependent upon the actual 

physical states but subject to noise, 
K, (314) is a Kalman gain matrix, applied in (matrix) 

multiplier 316, 
Zz =h( ) is the predicted measurement vector, 

%-Z =e, (312) is the measurement error 

and 
T=diag (y) is a diagonal matrix, with diagonal elements 

lm 
Thus, in one embodiment, the vector of estimated states is 

obtained by adding a second step to the standard Kalman 
update. This form is implemented in FIG. 3. The expression 

x'*=[x"+(I-T)x* describes a weighted sum of initial esti- 

mated state vector 320 and predicted state vector 304. 
Equivalently, in a further embodiment, the vector of 

estimated states is determined as 

RSET) Ko (E28 4K EL). ) 

where K=(I-T)K, is a modified gain matrix (208 in FIG. 2, 

for example). In equation (9), the term K(Z-z") represents an 
update to a predicted state x". While this equation has been 

derived for an extended Kalman filter, corresponding equa- 

tions are used in other estimators. The update is dependent 
upon the state update weights through matrix F and on the 

new measurements through the term z. While the update 
here is a product of again matrix K and an error term, the 

update may take other forms in other estimators. 
The update is referred to as a generalized partial update. 

In component form, the estimated states are updated as 

Ea t+ h 8; 4,8, -%,), (10) 

which is a weighted sum of the predicted state and the initial 
updated state. Again, while equations (9) and (10) have been 

derived for an extended Kalman filter, this approach may be
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used for other estimators in which a state is predicted from 
previous measurements and then updated using new mea- 

surements. A number of such estimators are known in the art. 

In the state update term, 7-2 is the difference between the 
predicted measurements 310 and the actual measurements 

112 and is denoted as error vector 312. Error vector-312 and 
the Kalman gain K, (314) are multiplied in matrix multiplier 

316 to provide an initial correction vector 318. 
Gain Calculation Unit. The gain calculation unit 322 

provides the Kalman gain matrix K, (stored at 314) given by 

Ko=P-H'(R+HP-H™|. (1) 

where 
eye ge ty: ws 

Po=( (K-R-)(K-¥7)7) =( ee) is. a prediction error cova- 
riance matrix, 

oh 

= Ox k-1k-1 

is a matrix describing the dependence of the sensed values 

on the physical states, and 

R=( wv") is a covariance matrix of the sensor noise, 

where the angled brackets denote the expected value. 
It is noted that 

K ,HP-=P-H"(R+HP-H')'HP- (12) 

is a symmetric matrix. 

The prediction error covariance matrix P"=P,,,, (324) is 
calculated in covariance prediction unit 326 from a prior 

error covariance matrix P** stored in memory. The error 
covariance matrix is updated recursively using covariance 

update unit 330, as described below. 

Covariance Prediction Unit. Covariance Prediction Unit 
326 provides the prediction error covariance matrix P~ (324) 

that is used in gain calculation unit 322 to compute Kalman 
gain matrix 314. For example, the covariance matrix of the 

prediction error may be computed as 

Pra aP =F Pina +O 

where 

(13) 

_ of F, = — |, 
kay bet 

is a Jacobian matrix of partial derivatives of the function f, 
Py 14-1 18 a covariance matrix of a prior estimation error and 

Q,,is a covariance matrix of the noise vector w, (106 in FIG. 
1). 

Covariance Update Unit. Covariance Update Unit 330 

provides the estimation error covariance matrix Pt* (328) 
from the prediction error covariance matrix P~ (324). The 

covariance matrix of the estimation error is defined as 

PHP y=! Gates) =! etter), (14) 

The estimate error can be written in terms of the predic- 

tion error as 

(15) 

x-% -K@-Z) 

=x—-8 —K(h(x) + v— A(R) 
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8 
-continued 

x-%k -KH(x-X )-kv Ie 

=(1-KH)e" — Ky. 

Using this expression, the covariance matrix of the esti- 

mation error is 

prt = dettett?y (16) 

= (1—-KH)\e~e-7)(1 — KH)’ + Ki" )k? 

= (1—-KH)P(1-KHyY + KRK? 

=P —KHP —P-H'K’ + K(HP-H’ +R)K’. 

where R=( vv") and P-=( ee"). In one embodiment of 
the disclosure, the covariance update unit 330 updates the 

matrix as 

P**=(I-KH)P-(I-KH)"+KRK* (17) 

The covariance matrix update may be written in terms of 
the Kalman gain matrix K, and the state update weights. 

Substituting K=(-I)K, and using equation (2) gives 

PY =(1—KoH)P +TKoHPT (18) 

=(1-KoH)P” + yy! oKoHP”, 

where o denotes an entry-wise or Hadamard matrix product. 

The update to the covariance matrix can be written in 

terms of the standard Kalman update. For the Kalman filter, 
the covariance matrix of the estimation error is defined as 

P*=P,,4 (x-R*)(x-&"") =( ete"). The covariance matrix 
for the Kalman estimation error is updated as 

PY=(E-K IP. 

where P* (332 in FIG. 3) 
Noting that K,HP-=P~-P*, the covariance matrix P** of 

the estimation error is updated 

(19) 

PY =P4T(P--PYY, (20) 

or, equivalently, 

Ptt=Ptyyylo(P--P*)=yyoP-+(1-yy Pt. (21) 

where, again, the operator o denotes an entry-wise or 

Hadamard matrix product and 1 denotes a matrix of ones. 
This form of the covariance update is implemented in 

covariance update unit 330 shown in FIG. 3, where the 

initial error covariance matrix P* (332) is combined with the 
prediction error covariance matrix P~ (324) to provide the 

final error covariance matrix P** (328). 
In component form, the covariance update can be written 

as 

Py ya Py +U-1ypPy" (22) 

While equations (18) and (22) have been derived for an 
extended Kalman filter, this approach may be used for other 

estimators in which an error covariance matrix is first 
predicted and then updated. In addition, while equations (10) 

and (22) express the updates in terms of initial updates, it 

will be apparent to those of skill in the art that the compu- 
tations may be implemented in any mathematically equiva- 

lent manner in a practical estimator.
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The update to the covariance matrix P*'*, described above, 

provides a mathematically correct update in that it maintains 

a consistent filter for a linear system in which the expected 

value of the error is zero and the expected value of variance 
of the error is P**. 

Selection of state update weights. The update weightings 
can be written as y=1-B,, where 0sB,=1 is the proportion, of 

the standard update that is applied to the i” state in the filter. 
Each state can have its own unique 6 value, and this value 

can change from update to update. 

The value 6, for each filter state (which may be time- 
varying or fixed), may be selected dependent upon know!]- 

edge of the system whose states are being estimated. For 
example, the value §, may be selected dependent upon the 

degree of nonlinearity in the system, with a lower value 6, 
selected for higher degree of non-linearity. In one embodi- 

ment, for example, 6; may set in the range [0.1,0.25] for 

fixed states and set approximately 0.5 for slowly time 
varying states. Full states may have a value of f, close to 1.0. 

The values of 6, may be selected dependent on the charac- 
teristics of the system. The update weightings may be set for 

each state and each time step. 
In one embodiment, a user sets 6, for each filter state 

(again, 6, can be time varying), and applies a modification to 

a standard Kalman filer update, as described in equations 
(26) and (27) below. This approach enables the advantages 

of disclosed state estimator to be achieved with relatively 
simple modification of the Kalman filter state estimator. 

In a further embodiment, the values B, are set automati- 
cally by the estimator for each filter state. 

In a further embodiment, the updates in equation (29) 

below may be used. It will be apparent to those of ordinary 
skill in the art that other mathematically equivalent updates 

may be used, resulting in implementations that are consis- 
tent with linear system theory. 

At each update and for each state i, the value 6B; may 

varied or fixed. The use of variable B,; values provides a 
mechanism improving performance of the estimator. 

As special case, the disclosed estimator includes the 
extended Kalman Filter (EKF), the Schmidt-Kalman Filter 

(SKF), the intermittent Schmidt-Kalman filter (SKF) and 
the fixed-weight partial-update Schmidt-Kalman Filter 

(FPSKF). The ISKF is a filter that sets B, to zero or one, but 

alternates some states between a full update and a Schmidt 
non-update. The choice of whether to update or is based on 

filter observability/information at the time. The FPSKF sets 
B, to be one for most states and fixed 8, value in the range 

0<£,<1 for a specific set of states. These partially updated 
states all share the same fixed weighting that does not vary 

with time or state. Again, each of the above filters is a special 

case of the PSKF equations presented earlier, but none 
provides the flexibility of weightings that may vary from 

state-to-state and from update-to-update, as provided by the 
disclosed estimator. 

The disclosed estimator has been described above as an 
addition or modification to a discrete extended Kalman filter. 

However, the disclosure is not limited to this application, 

and may be used to improve other estimators, such as the 
UKF, Rao Blackwellized Particle filters, and others, and 

implemented in analog or digital form or a combination 
thereof. 

A feature of the partial update approach disclosed above 
is that if the “parent” filter is unbiased and consistent for 

linear systems, the partial update is still unbiased (in that the 

expected value of the error is zero) and consistent (in this the 
recursively updated estimate of the error covariance is 

consistent with the actual error covariance). 
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10 
FIG. 4 is a flow chart of a method 400 of state estimation 

for a physical system, in accordance with a representative 

embodiment. Following start block 402, initial values iolo 

and Po are assigned for the states and the estimation 
covariance matrix, respectively, at block 404. The state 

estimates for discrete times k>0 are then obtained in an 
iterative manner as follows. 

Prediction. At block 406, new states and measurements 
are predicted, together with an estimate of the prediction 

error, according to: 

Kip 1S Sete ta) 

22, Net) 

PoP FPF +e 

Gain Calculation. At block 408, the Kalman gain is 

computed as: 

(23) 

Ko=P-H'(R+HP-H*). (24) 

State Update Weight Assignment. At block 410, the state 
update weights y are assigned. The weights may be used to 

modify a Kalman filter, or may be used to calculate a 

modified gain 

K=(-T)Ky. (25) 

where I’=diag(y) is a diagonal matrix with diagonal elements 
T,,=),. The assignment of state update weights may be 

predetermined. Alternatively, the assignment may be depen- 
dent upon performance of the estimator (such as error 

covariance evolution) or dependent upon system non-linear- 

ity (such as non-linearity in the measurement function in a 
region surround the current state estimate. The size of the 

region may be determined from the error covariance matrix, 
for example, where larger errors indicate a larger region to 

the considered). Still further, the assignment of weights may 
be determined by experimentation. A combination of these 

assignment methods may be used. 

At block 412, new measurements of the physical system 
are retrieved. 

At block 414, the state estimates and the estimate error 
covariance matrix are updated and at block 416, the updated 

state estimates are output for further use. For example, the 
estimated states may be supplied to a control system con- 

figured to control the states of the physical system. 

The estimation error covariance matrix is updated at block 
418. If operation is to continue, as depicted by the positive 

branch from decision block 420, flow returns to block 406. 
Otherwise, as depicted by the negative branch from decision 

block 420, the method terminates at block 422. 

The estimated state and the associated estimation error 
covariance matrix may be determined in various, math- 

ematically equivalent, ways. Some examples are provided 
below. 

Update: Modified Kalman Implementation 
Initial (Kalman) update: 

$= 4Ky(E2) 

PY=U-KoDE-. (26) 

Final update (weighted sum): 

SSeS ele + (Te 

PYt=PtsT(P--P*)T=P'syy?o(P —P"). (27)
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In component form (weighted sum): 

£8, + yas" 

P**=(-KH)P-(I-KH)"+KRK°. (29) 

Update: Direct Implementation 

ROSE K EL), 

P**=(I-KH)P-(I-KH)"+KRK°. (29) 

In terms of the Kalman gain matrix K;;: 

St =f 4(ET)K (EF) 

PY*=(I-KoH)P-4+0KoHP-T=U-KoH)P +yy0KoHP-. (0) 

The above systems, devices, methods, processes, and the 
like may be realized in hardware, software, or any combi- 

nation of these suitable for a particular application. The 

hardware may include a general-purpose computer and/or 
dedicated computing device. This includes realization in one 

or more microprocessors, microcontrollers, embedded 
microcontrollers, programmable digital signal processors or 

other programmable devices or processing circuitry, along 
with internal and/or external memory. This may also, or 

instead, include one or more application specific integrated 

circuits, programmable gate arrays, programmable array 
logic components, or any other device or devices that may 

be configured to process electronic signals. Further, it will be 
appreciated that a realization of the processes or devices 

described above may include computer-executable code 
created using a structured programming language such as C, 

an object oriented programming language such as C++, or 

any other high-level or low-level programming language 
(including assembly languages, hardware description lan- 

guages, and database programming languages and technolo- 
gies) that may be stored, compiled, or executed to run on one 

of the above devices, as well as heterogeneous combinations 

of processors, processor architectures, or combinations of 
different hardware and software. In another implementation, 

the methods may be embodied in systems that perform the 
steps thereof, and may be distributed across devices in a 

number of ways. At the same time, processing may be 
distributed across devices such as the various systems 

described above, or all of the functionality may be integrated 

into a dedicated, standalone device or other hardware. In 
another implementation, means for performing the steps 

associated with the processes described above may include 
any of the hardware and/or software described above. All 

such permutations and combinations are intended to fall 
within the scope of the present disclosure. 

Embodiments disclosed herein may include computer 

program products comprising computer-executable code or 
computer-usable code that, when executing on one or more 

computing devices, performs any and/or all of the steps 
thereof. The code may be stored in a non-transitory fashion 

in a computer memory, which may be a memory from which 
the program executes (such as random-access memory asso- 

ciated with a processor), or a storage device such as a disk 

drive, flash memory or any other optical, electromagnetic, 
magnetic, infrared or other device or combination of 

devices. In another implementation, any of the systems and 
methods described above may be embodied in any suitable 

transmission or propagation medium carrying computer- 
executable code and/or any inputs or outputs from same. 

Tt will be appreciated that the devices, systems, and 

methods described above are set forth by way of example 
and not of limitation. Absent an explicit indication to the 

contrary, the disclosed steps may be modified, supple- 
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12 
mented, omitted, and/or re-ordered without departing from 
the scope of this disclosure. Numerous variations, additions, 

omissions, and other modifications will be apparent to one 

of ordinary skill in the art. In addition, the order or presen- 
tation of method steps in the description and drawings above 

is not intended to require this order of performing the recited 
steps unless a particular order is expressly required or 

otherwise clear from the context. 
The method steps of the implementations described herein 

are intended to include any suitable method of causing such 

method steps to be performed, consistent with the patent- 
ability of the following claims, unless a different meaning is 

expressly provided or otherwise clear from the context. So, 
for example performing the step of X includes any suitable 

method for causing another party such as a remote user, a 
remote processing resource (e.g., a server or cloud com- 

puter) or a machine to perform the step of X. Similarly, 

performing steps X, Y, and Z may include any method of 
directing or controlling any combination of such other 

individuals or resources to perform steps X, Y, and Z to 
obtain the benefit of such steps. Thus, method steps of the 

implementations described herein are intended to include 
any suitable method of causing one or more other parties or 

entities to perform the steps, consistent with the patentability 

of the following claims, unless a different meaning is 
expressly provided or otherwise clear from the context. Such 

parties or entities need not be under the direction or control 
of any other party or entity, and need not be located within 

a particular jurisdiction. 
It should further be appreciated that the methods above 

are provided by way of example. Absent an explicit indica- 

tion to the contrary, the disclosed steps may be modified, 
supplemented, omitted, and/or re-ordered without departing 

from the scope of this disclosure. 
It will be appreciated that the methods and systems 

described above are set forth by way of example and not of 

limitation. Numerous variations, additions, omissions, and 
other modifications will be apparent to one of ordinary skill 

in the art. In addition, the order or presentation of method 
steps in the description and drawings above is not intended 

to require this order of performing the recited steps unless a 
particular order is expressly required or otherwise clear from 

the context. Thus, while particular embodiments have been 

shown and described, it will be apparent to those skilled in 
the art that various changes and modifications in form and 

details may be made therein without departing from the 
scope of this disclosure and are intended to form a part of the 

disclosure as defined by the following claims, which are to 
be interpreted in the broadest sense allowable by law. 

The various representative embodiments, which have 

been described in detail herein, have been presented by way 
of example and not by way of limitation. It will be under- 

stood by those skilled in the art that various changes may be 
made in the form and details of the described embodiments 

resulting in equivalent embodiments that remain within the 
scope of the appended claims. 

I claim: 
1. An apparatus having at least one processor for estimat- 

ing states of a physical system, the apparatus comprising: 
a sensing system having a sensor to sense properties of the 

physical system to provide sensor signals, where the 
sensed properties are dependent upon the states of the 

physical system; 

a state update weight assignment unit programmed to 
assign a state update weight for each state of the 

physical system;
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a state prediction unit programmed to predict the states of 

the physical system from previous estimated states of 

the physical system to provide predicted states; 

a state update unit programmed, for each predicted state 

of the predicted states, to update the predicted state 

dependent upon a state update weight and the sensor 

signals, to provide updated estimated states; 

a covariance prediction unit programmed to update a 

covariance matrix of errors in the predicted states to 

provide a prediction error covariance matrix; and 

a covariance update unit programmed to update a cova- 

riance matrix of errors in the updated estimated states 

dependent upon state update weights to provide an 

estimation error covariance matrix, 

where the state update unit provides the updated estimated 

states as output; 

a controller configured to receive the updated estimated 

states and producing one or more control signals there- 

from; and 

an actuator system configured to receive the one or more 

control signals and drive one or more actuators to 

provide inputs to the physical system, 

where predicting the states of the physical system from 

the previous estimated states of the physical system is 

dependent, directly or indirectly, upon the control sig- 

nals. 

2. The apparatus of claim 1, where the update to the 

predicted state comprises a product of a gain matrix and an 

error between the sensor signals and predicted sensor sig- 

nals, and where the gain matrix is dependent upon the 

estimation error covariance matrix. 

3. The apparatus of claim 1, where the state update weight 

for each state is greater than or equal to zero and less than 

or equal to one. 

4. The apparatus of claim 1 where, for each predicted state 

of the predicted states, updating the predicted state com- 

prises: 

updating the predicted state dependent upon the sensor 

signals, to provide an initial estimated state; and 

forming a weighted sum of the predicted state and the 

initial estimated state using a state update weight for 

the state. 

5. The apparatus of claim 4 where, updating the the 

covariance matrix of error in the predicted state between the 

estimated states and the current states comprises: 

updating the covariance matrix of error in the predicted 

state to provide an initial covariance matrix; and 

forming a weighted sum of the initial covariance matrix 

and the covariance matrix of error in the predicted state 

using the state update weights. 

6. The apparatus of claim 1, where state update weight 

assignment unit is further configured to: determine an 

observability of a state of the physical system; and 

assign the state update weight for the state dependent 

upon the observability of the state. 

7. The apparatus of claim 1, where the sensor signals are 

dependent upon the states of the physical system through a 

non-linear measurement function, and where the state 

update weight assignment unit is further configured to: 

determine a degree of non-linearity in the measurement 

function in a region around the predicted or estimated 

states; and 
assign the state update weight for the state dependent 

upon the degree of non-linearity. 
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14 
8. The apparatus of claim 1, where the state update weight 

assignment unit is further configured to: 

monitor the prediction error covariance matrix or estima- 

tion error covariance matrix over one or more itera- 
tions; and 

assign the state update weight for the state dependent 
upon the prediction error covariance matrix or the 

estimation error covariance matrix. 
9. An apparatus for estimating states of a physical system, 

the apparatus comprising: 

a sensing system configured having a sensor to sense 
properties of the physical system to provide sensor 

signals, where the sensed properties are dependent 
upon the states of the physical system; 

a hardware processor, responsive to the sensor signals 
that, for each iteration of a plurality of iterations: 

assigns a state update weight for each state of the physical 

system; 

predicts the states of the physical system from previous 

estimated states of the physical system to provide 
predicted states; 

for each predicted state of the predicted states, updates the 
predicted state dependent upon a state update weight 

and the sensor signals, to provide updated estimated 

states; 

updates a covariance matrix of errors in the predicted 

states to provide a prediction error covariance matrix; 
updates a covariance matrix of errors in the updated 

estimated states dependent upon state update weights to 
provide an estimation error covariance matrix; 

provides the updated estimated states as output; 

a controller configured to receive the updated estimated 
states and producing one or more control signals there- 

from; and 
an actuator system configured to receive the one or more 

control signals and drive one or more actuators to 

provide inputs to the physical system, 
where predicting the states of the physical system from 

the previous estimated states of the physical system is 
dependent, directly or indirectly, upon the control sig- 

nals. 
10. The apparatus of claim 9, where the state update 

weight for each state is greater than or equal to zero and less 

than or equal to one. 
11. The apparatus of claim 9, where, for each predicted 

state of the predicted states, updating the predicted state 
comprises: 

updating the predicted state dependent upon a gain matrix 
and the sensor signals, to provide an initial estimated 

state; and 

forming a weighted sum of the predicted state and the 
initial estimated state using a state update weight for 

the state. 
12. The apparatus of claim 11, where, updating the 

covariance matrix of error in the predicted state between the 
estimated states and the current states comprises: 

updating the covariance matrix of error in the predicted 

state dependent upon the gain matrix to provide an 
initial covariance matrix; and 

forming a weighted sum of the initial covariance matrix 
and the prior covariance matrix using the state update 

weights. 
13. The apparatus of claim 9, where the hardware pro- 

cessor is further configured to: determine an observability of 

a state of the physical system; and 
assign the state update weight for the state dependent 

upon the observability of the state.
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14. The apparatus of claim 9, where the sensor signals are 

dependent upon the states of the physical system through a 

non-linear measurement function, and where the hardware 

processor is further configured to: 
determine a degree of non-linearity in the measurement 

function in a region around the predicted or estimated 
states; and 

assign the state update weight for the state dependent 
upon the degree of non-linearity. 

15. The apparatus of claim 9, where the hardware pro- 

cessor is further configured to: 
monitor the prediction error covariance matrix or estima- 

tion error covariance matrix over one or more itera- 
tions; and 

assign the state update weight for the state dependent 
upon the prediction error covariance matrix or the 

estimation error covariance matrix. 

16. A method for estimating states of a physical system, 
the method comprising: 

sensing properties of the physical system to provide 
sensor signals, where the sensed properties are depen- 

dent upon the states of the physical system; 
for each iteration of a plurality of iterations performed by 

a hardware processor: assigning a state update weight 

for each state of the physical system; 
predicting the states of the physical system from previous 

estimated states of the physical system to provide 
predicted states; 

for each predicted state of the predicted states, updating 
the predicted state dependent upon a gain matrix, a state 

update weight and the sensor signals, to provide 

updated estimated states; 
updating a covariance matrix of errors in the predicted 

states to provide a prediction error covariance matrix; 
updating a covariance matrix of errors in the updated 

estimated states dependent upon the gain matrix and 

state update weights to provide an estimation error 
covariance matrix; 

providing the updated estimated states as output; 
receiving, by a controller, the updated estimated states; 

producing, by the controller, one or more control signals 
dependent upon the received updated estimated states; 

and 

producing, by an actuator system responsive to the one or 
more control signals, control inputs to the physical 

system; 

where predicting the states of the physical system from 

the previous estimated states of the physical system is 
dependent upon the control signals. 

16 
17. The method of claim 16, where the state update weight 

for each state is greater than or equal to zero and less than 

or equal to one. 

18. The method of claim 16, where, for each predicted 
5 state of the predicted states, updating the predicted state 

comprises: 

updating the predicted state dependent upon the gain 
matrix and the sensor signals, to provide an initial 

estimated state; and 

forming a weighted sum of the predicted state and the 
initial estimated state using a state update weight for 

the state. 

19. The method of claim 18, where, updating the cova- 
riance matrix of error in the predicted state between the 

estimated states and the current states comprises: 

updating the covariance matrix of error in the predicted 
state dependent upon the gain matrix to provide an 

initial covariance matrix; and 

forming a weighted sum of the initial covariance matrix 
and the prior covariance matrix using the state update 

weights. 

20. The method of claim 16, further comprising: 

determining an observability of a state of the physical 

system; and 

assigning the state update weight for the state dependent 
upon the observability of the state. 

21. The method of claim 16, where the sensor signals are 

dependent upon the states of the physical system through a 
non-linear measurement function, and the method further 

comprising: 

determining a degree of non-linearity in the measurement 
function in a region around the predicted or estimated 

states; and 

assigning the state update weight for the state dependent 
upon the degree of non-linearity. 

22. The method of claim 16, further comprising: 

monitoring the prediction error covariance matrix or 

estimation error covariance matrix over one or more 
iterations; and 
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assigning the state update weight for the state dependent 

upon the prediction error covariance matrix or the 
estimation error covariance matrix. 

23. The method of claim 16 further comprising a non- 

transitory computer readable medium storing a program of 
instructions when executed on a hardware processor. 

* * * * *


